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DYNAMICS OF MULTI-RESONANT BIHOLOMORPHISMS
FILIPPO BRACCI*, JASMIN RAISSY**, AND DMITRI ZAITSEV***
Abstract. The goal of this paper is to study the dynamics of holomorphic diffeomorphisms in
Cn such that the resonances among the first 1 ≤ r ≤ n eigenvalues of the differential are generated
over N by a finite number of Q-linearly independent multi-indices (and more resonances are allowed
for other eigenvalues). We give sharp conditions for the existence of basins of attraction where a
Fatou coordinate can be defined. Furthermore, we obtain a generalization of the Leau-Fatou flower
theorem, providing a complete description of the dynamics in a full neighborhood of the origin for
1-resonant parabolically attracting holomorphic germs in Poincare´-Dulac normal form.
1. Introduction
The goal of this paper is to put in a single frame both results by the first and the third author
[9] and by Hakim [14, 15] on the existence of basins of attraction for germs of biholomorphisms
of Cn. In [9] basins of attraction were constructed, modeled on the Leau-Fatou flower theorem,
for germs with one-dimensional sets of resonances; on the other hand, in [14, 15] the basins were
constructed for germs tangent to the identity, in which case the set of resonances is the set of
all multi-indices. In the present paper we deal with the case when the eigenvalues of the linear
part have resonances generated by a finite number of multi-indices. Whereas considerable research
has been done for one-dimensional sets of resonances, much less is known when resonances have
several generators, which is the subject of our study.
Let F be a germ of biholomorphism of Cn, fixing the origin 0, and whose differential dF0
is diagonalizable with eigenvalues {λ1, . . . , λn}, and denote by Diff(Cn; 0) the space of germs of
biholomorphisms of Cn fixing 0. Given F , we shall say that it is m-resonant with respect to the
first r eigenvalues {λ1, . . . , λr} if there exist m linearly independent multi-indices P 1, . . . , Pm ∈
Nr × {0}n−r, such that all resonances with respect to the first r eigenvalues, i.e., the relations
λs =
∏n
j=1 λ
βj
j for 1 ≤ s ≤ r, are precisely of the form (β1, . . . , βn) =
∑m
t=1 ktP
t + es with kt ∈ N,
es = (0, . . . , 0, 1, 0 . . . , 0) with 1 in the s-th coordinate (see [16] for a detailed study of the general
structure of resonances). Here and in the following we shall adopt the notation N = {0, 1, . . .}.
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The classical Poincare´-Dulac theory (see [7, Chapter IV], [2]) implies that F is formally conju-
gated to a map G = (G1, . . . , Gn) with
Gj(z) = λjzj +
∑
|KP|≥1
K∈Nm
aK,jz
KPzj , j = 1, . . . , r,
where KP :=
∑m
t=1 ktP
t. Let k0 be the weighted order of F , i.e., the minimal |K| such that
aK,j 6= 0 for some 1 ≤ j ≤ r. Such a number is a holomorphic invariant of F .
In the study of the dynamics of F , an important roˆle is played by the map π : Cn → Cm given,
in multi-indices notation, by z 7→ (zP
1
, . . . , zP
m
). In fact, to G as above there is a canonically
associated Φ formal biholomorphism of (Cm, 0) such that π ◦G = Φ ◦ π. If k0 < +∞, then Φ is of
the form
Φ(u) := u+Hk0+1(u) +O(‖u‖
k0+2),
where Hk0+1 is a non-zero homogeneous polynomial of degree k0 + 1. The map Φ depends on the
formal normal form G, but it is an invariant of F up to conjugation. Its truncation
f(u) := u+Hk0+1(u)
is called a parabolic shadow of F , because, since F is holomorphically conjugated to G up to any
fixed order, the foliation {z ∈ Cn : π(z) = const} is invariant under G up to the same fixed order,
and the action—of parabolic type—induced by G near 0 on the leaf space of such a foliation is
given by f up to order k0 + 2.
One can then suspect that, if f has a basin of attraction and some other “attracting” conditions
controlling the dynamics of F on the fibers of π : Cn → Cm are satisfied, then F must have a
basin of attraction with boundary at 0. This is exactly the case, and it is our main result. Let
v ∈ Cm \ {0}. We say that a F , m-resonant with respect to the first r eigenvalues, is (f, v)-
attracting-non-degenerate if v is a non-degenerate characteristic direction for f in the sense of
Hakim [14], i.e., Hk0+1(v) = cv for some c 6= 0, such that all directors of v have strictly positive
real part (see Section 2 for precise definitions). Although f is not uniquely determined by F , we
will show that if F is (f, v)-attracting-non-degenerate with respect to some parabolic shadow f
and some vector v, then for any other parabolic shadow f˜ of F there exists a vector v˜ such that
F is (f˜ , v˜)-attracting-non-degenerate. By Hakim’s theory [14], [15] (see also [6]), if F is (f, v)-
attracting-non-degenerate then the map f admits a basin of attraction with 0 on the boundary,
and with all orbits tending to 0 tangent to the direction [v].
If F is (f, v)-attracting-non-degenerate, we say that F is (f, v)-parabolically attracting with
respect to {λ1, . . . , λr} if Hk0+1(v) = −(1/k0)v (which can be obtained by scaling v) and
Re
( ∑
|K|=k0
K∈Nm
aK,j
λj
vK
)
< 0 j = 1, . . . , r.
Such a condition is invariant in the sense that if F is (f, v)-parabolically attracting with respect to
some parabolic shadow f and some vector v, then for any other parabolic shadow f˜ of F there exists
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a vector v˜ such that F is (f˜ , v˜)-parabolically attracting. We simply say that F is parabolically
attracting if it is (f, v)-parabolically attracting with respect to some parabolic shadow f and some
vector v. Our main theorem is the following:
Theorem 1.1. Let F ∈ Diff(Cn; 0) be m-resonant with respect to the eigenvalues {λ1, . . . λr} and
of weighted order k0. Assume that |λj| = 1 for j = 1, . . . , r and |λj| < 1 for j = r + 1, . . . , n. If
F is parabolically attracting, then there exist (at least) k0 disjoint basins of attraction having 0 at
the boundary.
Moreover, for each basin of attraction B there exists a holomorphic map ψ : B → C such that
for all z ∈ B
ψ ◦ F (z) = ψ(z) + 1.
Such a theorem on one side generalizes the corresponding result in [9] for 1-resonant germs with
respect to the first r eigenvalues, and on the other side shows the existence of a Fatou coordinate for
the germ on each basin of attraction. In [9] it is shown that the non-degeneracy and parabolically
attracting hypotheses are sharp for the property of having a basin of attraction.
Next we consider the case when F is m-resonant with respect to all the eigenvalues {λ1, . . . , λn}
and |λj| = 1 for all j = 1, . . . , n. We show that, in this case, if F is attracting-non-degenerate or
parabolically attracting then so is F−1. This allows us to show the existence of repelling basins
for F , giving a generalization of the Leau-Fatou flower theorem in such a case. In fact, under
these hypotheses, and in the 1-resonant case, we prove that a germ F which is holomorphically
conjugated to a Poincare´-Dulac normal form admits a full punctured neighborhood of 0 made of
attracting and repelling basins for F plus invariant hypersurfaces where the map is linearizable
(see Theorem 5.3 for the precise statement).
The plan of the paper is the following. In Section 2 we briefly recall the known results for the
dynamics of maps tangent to the identity that we shall use to prove our main result. In Section 3
we define m-resonant germs with respect to the first r eigenvalues and study their basic properties.
The proof of Theorem 1.1 is in Section 4 (see Theorem 4.2 and Proposition 4.3). Finally, in Section
5 we discuss our generalization of the classical Leau-Fatou flower theorem and we give an example
showing that a m-resonant germ, m ≥ 2, might be attracting-non-degenerate with respect to two
different directions and parabolically attracting with respect to one but not to the other.
We thank the referee for many comments and remarks which improved the original manuscript.
2. Preliminaries on germs tangent to the identity in Cm
Let
(2.1) h(u) := u+Hk0+1(u) +O(‖u‖
k0+2),
be a germ at 0 of a holomorphic diffeomorphism of Cm, m ≥ 1, tangent to the identity, where
Hk0+1 is the first non-zero term in the homogeneous expansion of h, and k0 ≥ 1. We call the
number k0 + 1 ≥ 2 the order of h.
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If m = 1 we have Hk0+1(u) = Au
k0+1 and the attracting directions {v1, . . . , vk} for h are defined
as the k0-th roots of −
|A|
A
. These are precisely the directions v such that the term Avk+1 is in
the direction opposite to v. An attracting petal P for h is a simply-connected domain such that
0 ∈ ∂P , h(P ) ⊆ P and limℓ→∞ h◦ℓ(z) = 0 for all z ∈ P , where h◦ℓ denotes the ℓ-th iterate of h.
The attracting directions for h−1 are called repelling directions for h and the attracting petals for
h−1 are repelling petals for h.
We state here the Leau-Fatou flower theorem (see, e.g., [2], [8]). We write a ∼ b whenever there
exist constants 0 < c < C such that ca ≤ b ≤ Ca.
Theorem 2.1 (Leau-Fatou). Let h(u) be as in (2.1) with m = 1. Then for each attracting direction
v of h there exists an attracting petal P for h (said centered at v) such that for each z ∈ P the
following hold:
(1) h◦ℓ(z) 6= 0 for all ℓ and limℓ→∞
h◦ℓ(z)
|h◦ℓ(z)|
= v,
(2) |h◦ℓ(z)|k0 ∼ 1
ℓ
.
Moreover, the set given by the union of all k0 attracting petals and k0 repelling petals for h forms
a punctured open neighborhood of 0.
By the property (1), attracting (resp. repelling) petals centered at different attracting (resp.
repelling) directions must be disjoint.
For m > 1 the situation is more complicated and a complete description of the dynamics in
a full neighborhood of the origin is still unknown (with the exception of the substantial class of
bidimensional examples studied in [4]). In this paper we shall use Hakim’s results, that we are
going to recall here.
Definition 2.2. Let h ∈ Diff(Cm, 0) be of the form (2.1). A characteristic direction for h is a
non-zero vector v ∈ Cm \ {O} such that Hk0+1(v) = λv for some λ ∈ C. If Hk0+1(v) = 0, v is a
degenerate characteristic direction; otherwise, (that is, if λ 6= 0) v is non-degenerate.
There is an equivalent definition of characteristic directions. The m-tuple of (k0 + 1)-
homogeneous polynomials Hk0+1 induces a rational self-map of CP
m−1, denoted by H˜k0+1.
Then, under the canonical projection Cm \{0} → CPm−1, non-degenerate characteristic directions
correspond exactly to fixed points of H˜k0+1, and degenerate characteristic directions correspond
to indeterminacy points of H˜k0+1. Generically, there is only a finite number of characteristic
directions, and using Bezout’s theorem it is easy to prove (see, e.g., [3, Lemma 2.1]) that this
number, counted with multiplicity, is given by ((k0 + 1)
m − 1)/k0.
Definition 2.3. Let h ∈ Diff(Cm, 0) be of the form (2.1). Given a non-degenerate characteristic
direction [v] ∈ CPm−1 for h, the eigenvalues α1, . . . , αm−1 ∈ C of the linear operator
A(v) :=
1
k0
(d(H˜k0+1)[v] − id) : T[v]CP
m−1 → T[v]CP
m−1
are the called the directors of [v]. If all the directors of [v] have strictly positive real parts, we call
[v] a fully attractive non-degenerate characteristic direction of h.
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Remark 2.4. Let [v] be a non-degenerate characteristic direction of h. Let Hk0+1(v) = τv. Then,
replacing v by (−k0τ)−1/k0v, we can assume
(2.2) Hk0+1(v) = −
1
k0
v.
Definition 2.5. A representative v of [v] such that (2.2) is satisfied is called normalized.
Note that a normalized representative is uniquely determined up to multiplication by k0-th
roots of unity.
Remark 2.6. For m = 1 each germ h ∈ Diff(C, 0) with Hk0+1 6= 0 of the form (2.1) has exactly
one non-degenerate characteristic direction which is clearly fully attractive.
A parabolic manifold P of dimension 1 ≤ p ≤ m for h ∈ Diff(Cm, 0) of the form (2.1) is the
biholomorphic image of a simply connected open set in Cp such that 0 ∈ ∂P , f(P ) ⊂ P and
limℓ→∞ h
◦ℓ(z) = 0 for all z ∈ P . If p = 1 the parabolic manifold is called a parabolic curve,
whereas, if p = m the parabolic manifold is called a parabolic domain. Due to M. Abate [1], in C2
parabolic curves always exist for germs of holomorphic diffeomorphisms tangent to the identity
and having an isolated fixed point at the origin, whereas in higher dimension they are known to
exist “centered” at non-degenerate characteristic directions (J. E´calle [11], M. Hakim [14], see also
[5]).
On the other hand, Hakim [13] (based on the previous work by Fatou [12] and Ueda [20], [21]
in C2) studied the so-called semi-attractive case, with one eigenvalue equal to 1 and the rest of
eigenvalues having modulus less than 1. She proved that either there exists a curve of fixed points
or there exist attracting open petals. Such a result has been later generalized by Rivi [17]. The
quasi-parabolic case of a germ in C2, i.e. having one eigenvalue 1 and the other of modulus equal to
one, but not a root of unity has been studied in [10] and it has been proved that, under a certain
generic hypothesis called “dynamical separation”, there exist petals tangent to the eigenspace of
1. Such a result has been generalized to higher dimension by Rong [18], [19]. We refer the reader
to the survey papers [2] and [8] for a more accurate review of existing results.
We state here the theorem of E´calle and Hakim needed in our paper.
Theorem 2.7 (E´calle [11], Hakim [14]). Let h ∈ Diff(Cm, 0) be as in (2.1) and let [v] be a fully
attractive non-degenerate characteristic direction for h. Then there exist k0 parabolic domains such
that h◦j(z) 6= 0 for all j and limj→∞[h◦j(z)] = [v] for all fixed z in one such a parabolic domain.
Moreover, if v is a normalized representative of [v], then the parabolic domains can be chosen of
the form
(2.3) M iR,C = {(x, y) ∈ C× C
m−1 : x ∈ ΠiR, ‖y‖ < C|x|},
where ΠiR, i = 1, . . . , k0, are the connected components of the set ∆R = {x ∈ C : |x
k0 − 1
2R
| < 1
2R
},
and R > 0 is sufficiently large.
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3. Multi-resonant biholomorphisms
Given {λ1, . . . , λn} a set of complex numbers, recall that a resonance is a pair (j, L), where
j ∈ {1, . . . , n} and L = (l1, . . . , ln) ∈ Nn is a multi-index with |L| :=
∑n
h=1 lh ≥ 2 such that
λj = λ
L (where λL := λl11 · · ·λ
ln
n ). We shall use the notation
Res j(λ) := {Q ∈ N
n : |Q| ≥ 2, λQ = λj}.
With a slight abuse of notation, we denote by ej = (0, . . . , 0, 1, 0, . . . , 0) both the multi-index with
1 at the j-th position and 0 elsewhere and the vector with the same entries in Cn. Note that if
Q ∈ Res j(λ) then λQ−ej = 1 and P := Q− ej ∈ Nj, where
Nj := Pj ∪M,
with
Pj := {P ∈ Z
n : |P | ≥ 1, pj = −1, ph ≥ 0 for h 6= j}
and
M := {P ∈ Nn : |P | ≥ 1}.
Moreover, if P ∈ Nj is such that λ
P = 1, then either P ∈ Pj, and so P + ej ∈ Res j(λ), but
P + eh 6∈ Res h(λ) for h 6= j and kP + ej 6∈ Res j(λ) for each integer k ≥ 2, or P ∈ M, yielding
kP + eh ∈ Res h(λ) for h = 1, . . . , n for any k ∈ N \ {0}. We shall denote
N :=
n⋃
j=1
Nj =M∪
n⋃
j=1
Pj.
In the rest of the paper, and without mentioning it explicitly, we shall consider only germs of
diffeomorphisms whose differential is diagonal.
Definition 3.1. Let F be in Diff(Cn; 0), and let λ1, . . . , λn be the eigenvalues of the differential
dF0. We say that F is m-resonant with respect to the first r eigenvalues λ1, . . . , λr (1 ≤ r ≤ n)
if there exist m multi-indices P 1, . . . , Pm ∈ Nr × {0}n−r linearly independent over Q, so that the
resonances (j, L) with 1 ≤ j ≤ r are precisely of the form
(3.1) L = ej + k1P
1 + · · ·+ kmP
m
with k1, . . . , km ∈ N and k1 + · · ·+ km ≥ 1. The vectors P 1, . . . , Pm are called generators over N
of the resonances of F in the first r coordinates. We call F multi-resonant with respect to the first
r eigenvalues if it is m-resonant with respect to these eigenvalues for some 1 ≤ m ≤ r.
Example 3.2. Let the differential of F ∈ Diff(C4, 0) have eigenvalues λ1, . . . , λ4 such that λ31 = 1
but λ1 6= 1, λ2 = −1, and λ
−1
3 λ
2
4 = 1. Then F is 2-resonant with respect to λ1, λ2 with generators
P 1 = (3, 0, 0, 0), P 2 = (0, 2, 0, 0). On the other hand, F is not multi-resonant with respect to all
eigenvalues because it has the resonance λ3 = λ
2
4 which is not of the form (3.1).
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Remark 3.3. Note that if P 1, . . . , Pm are generators over N of (all, that is with r = n) the
resonances of F , each multi-index P ∈ Nn such that λP = 1 is of the form
P = k1P
1 + · · ·+ kmP
m
with k1, . . . , km ∈ N.
Lemma 3.4. If F is m-resonant with respect to λ1, . . . , λr, then λj 6= λs for 1 ≤ j ≤ r and
1 ≤ s ≤ n with j 6= s.
Proof. Assume that λj = λs with j and s as in the statement. Denote
Σ := {k1P
1 + · · ·+ kmP
m : kj ∈ N, k1 + · · ·+ km ≥ 1},
where P 1, . . . , Pm are the generators. Then for any P ∈ Σ, (j, P +ej) is a resonance corresponding
to the identity λj = λ
Pλj . Since λj = λs, we also have the resonance relation λj = λ
Pλs, which
by Definition 3.1, implies P + es − ej ∈ Σ. Therefore Σ + (es − ej) ⊂ Σ, and hence, by induction,
Σ + N(es − ej) ⊂ Σ. On the other hand, fixing any P ∈ Σ, we can find k ∈ N such that
P + k(es − ej) /∈ M, and hence P + k(es − ej) /∈ Σ. We thus obtain a contradiction proving the
lemma. 
Let P,Q ∈ N . We write P < Q if either |P | < |Q|, or |P | = |Q| but P precedes Q in the
lexicographic order, i.e., ph = qh for 1 ≤ h < k ≤ n and pk < qk.
We have the following uniqueness property.
Proposition 3.5. Let F ∈ Diff(Cn; 0) be m-resonant. Then the set of generators is unique (up to
reordering).
Proof. Let us now assume by contradiction that there are two sets of generators, P 1, . . . , Pm and
Q1, . . . , Qm, that we can assume to be ordered, i.e., P 1 < · · · < Pm and Q1 < · · · < Qm. For each
j ∈ {1, . . . , m} we then have
P j = kj,1Q
1 + · · ·+ kj,mQ
m,
with kj,s ∈ N and at least one kj,s 6= 0, say kj,s(j). Analogously, for h = 1, . . . , m we have
Qh = lh,1P
1 + · · ·+ lh,mP
m,
with lh,t ∈ N, and with at least one of them non zero. Therefore we have
P j = kj,1Q
1 + · · ·+ kj,mQ
m
= kj,1
(
l1,1P
1 + · · ·+ l1,mP
m
)
+ · · ·+ kj,m
(
lm,1P
1 + · · ·+ lm,mP
m
)
= (kj,1l1,1 + · · ·+ kj,mlm,1)P
1 + · · ·+ (kj,1l1,m + · · ·+ kj,mlm,m)P
m,
yielding, since P 1, . . . , Pm are linearly independent over the rationals,
(3.2)
kj,1l1,j + · · ·+ kj,mlm,j = 1
kj,1l1,h + · · ·+ kj,mlm,h = 0 for h 6= j.
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Now, since kj,s, lh,t ∈ N, the second equations in (3.2) are satisfied only if, for s = 1, . . . , m,
kj,sls,h = 0 for each h 6= j; hence ls(j),h = 0 for h 6= j because kj,s(j) 6= 0, and therefore Q
s(j) =
ls(j),jP
j. This implies that in the first equation in (3.2) we have kj,s(j)ls(j),j 6= 0, and thus it has to
be equal to 1, yielding
P j = Qs(j) for j = 1, . . . , m.
Therefore, since we are assuming P 1 < · · · < Pm and Q1 < · · · < Qm, we have s(j) = j for all j,
that is P j = Qj , contradicting the hypothesis. 
Definition 3.6. The generators P 1, . . . , Pm are called ordered if P 1 < · · · < Pm.
Let F ∈ Diff(Cn; 0) be m-resonant (with respect to the first r eigenvalues), and let P 1, . . . , Pm
be the ordered generators over N of its resonances. By the Poincare´-Dulac theorem [7], we can
find a tangent to the identity (possibly) formal change of coordinates of (Cn, 0) conjugating F to
a germ in a (possibly formal) Poincare´-Dulac normal form, i.e., of the form
(3.3) F˜ (z) = Dz +
r∑
s=1
∑
|KP|≥2
K∈Nm
aK,sz
KPzses +
n∑
s=r+1
Rs(z)es,
where D = Diag(λ1, . . . , λn), we denote by KP =
∑m
h=1 khP
h, and Rs(z) = O(‖z‖2) for s =
r + 1, . . . , n.
Remark 3.7. By the proof of the Poincare´-Dulac theorem it follows that, given any l ≥ 2, there
exists a polynomial (hence holomorphic) change of coordinates tangent to the identity in (Cn, 0)
conjugating F to a Poincare´-Dulac normal form up to order l.
Poincare´-Dulac normal forms are not unique because they depend on the choice of the resonant
part of the normalization. However, they are all conjugate to each other and, by Lemma 3.4, a
conjugation ψ between different Poincare´-Dulac normal forms of F , which are m-resonant with
respect to the first r eigenvalues, must have the first r coordinates of the type
(3.4) ψj(z) = γjzj +O(‖z‖
2) j = 1, . . . , r
with γj 6= 0, j = 1, . . . , r. Hence the following definition is well-posed.
Definition 3.8. Let F ∈ Diff(Cn; 0) be m-resonant with respect to {λ1, . . . , λr}, and let
P 1, . . . , Pm be the ordered generators over N of its resonances. Let F˜ be a Poincare´-Dulac
normal form for F given by (3.3). The weighted order of F is the minimal k0 = |K| ∈ N \ {0}
such that the coefficient aK,s of F˜ is non-zero for some 1 ≤ s ≤ r.
Remark 3.9. The weighted order of F is +∞ if and only if F is formally linearizable in the first
r coordinates.
Let F ∈ Diff(Cn; 0) be m-resonant, and let P 1, . . . , Pm be the ordered generators over N of its
resonances. Write P j = (pj1, . . . , p
j
r, 0, . . . , 0), for j = 1, . . . , m. Let k0 < ∞ be the weighted order
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of F . Let F˜ be a Poincare´-Dulac normal form for F given by (3.3). Then we set
G(z) = Dz +
r∑
s=1
∑
|K|=k0
K∈Nm
aK,sz
KPzses.
Consider the map π : (Cn, 0)→ (Cm, 0) defined by π(z1, . . . , zn) := (zP
1
, . . . , zP
m
) = (u1, . . . , um).
Therefore we can write
G(z) = Dz +
r∑
s=1
∑
|K|=k0
K∈Nm
aK,su
Kzses,
and G induces a unique map Φ: (Cm, 0)→ (Cm, 0) satisfying Φ ◦ π = π ◦G, which is tangent to
the identity of order greater than or equal to k0 + 1, and is of the form
Φ(u) = u+Hk0+1(u) +O(‖u‖
k0+2),
where
(3.5) Hk0+1(u) =

u1
∑
|K|=k0
(
p11
aK,1
λ1
+ · · ·+ p1r
aK,r
λr
)
uK
...
um
∑
|K|=k0
(
pm1
aK,1
λ1
+ · · ·+ pmr
aK,r
λr
)
uK
 .
Definition 3.10. We call u 7→ u+Hk0+1(u) a parabolic shadow of F .
Remark 3.11. Let f : u 7→ u + Hk0+1(u) be a parabolic shadow of F . Then clearly Hk0+1 re-
mains unchanged under (holomorphic or formal) changes of coordinates of the type z 7→ z +
O(‖z‖2) which preserve Poincare´-Dulac normal forms of F . In case of a linear change of co-
ordinates preserving Poincare´-Dulac normal forms, by Lemma 3.4, it has to be of the form
(z1, . . . , zn) 7→ (µ1z1, . . . , µrzr, l(z)) with l(z) ∈ Cn−r. Then the aK,j’s become aK,jµKP, where
µ = (µ1, . . . , µr, 0, . . . , 0) ∈ Cn, and the parabolic shadow becomes f˜ : u 7→ u+ H˜k0+1(u) where
(3.6) H˜k0+1(u) :=
m∑
j=1
∑
|K|=k0
µKP(pj1
aK,1
λ1
+ · · ·+ pjr
aK,r
λr
)uKujej.
In particular, if [v] ∈ CPm−1 is a non-degenerate characteristic direction of f with v ∈ Cm a
normalized representative (i.e., satisfying (2.2)), then
v˜ := (µ−P
1
v1, . . . , µ
−Pmvm),
is a normalized representative of a non-degenerate characteristic direction for f˜ . Moreover, the
matrix A(v˜) of f˜ is conjugated to A(v) (see [14] and [6])—hence, if [v] is fully attractive for f ,
then so is [v˜] for f˜ .
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Definition 3.12. Let F ∈ Diff(Cn; 0) be m-resonant with respect to λ1, . . . , λr, with P 1, . . . , Pm
being the ordered generators over N of the resonances. Let k0 < +∞ be the weighted order of F .
Let f be a parabolic shadow of F . We say that F is (f, v)-attracting-non-degenerate if v ∈ Cm is
a normalized representative of a fully attractive non-degenerate characteristic direction for f .
If F is (f, v)-attracting-non-degenerate and f(u) = u+Hk0+1(u) with Hk0+1 as in (3.5), we say
that F is (f, v)-parabolically attracting with respect to {λ1, . . . , λr} if
(3.7) Re
( ∑
|K|=k0
K∈Nm
aK,j
λj
vK
)
< 0 j = 1, . . . , r.
We say that F is attracting-non-degenerate (resp. parabolically attracting) if F is (f, v)-
attracting-non-degenerate (resp. (f, v)-parabolically attracting) with respect to some parabolic
shadow f and some normalized representative v ∈ Cm of a fully attractive non-degenerate
characteristic direction for f .
Remark 3.13. By Remark 2.6, if F is m-resonant with m = 1, then it is one-resonant as defined in
[9]; it is easy to check that F is attracting-non-degenerate (resp. parabolically attracting) according
to Definition 3.12 if and only if it is so according to the corresponding definitions in [9].
Remark 3.14. According to Remark 3.11, if F is (f, v)-attracting-non-degenerate (resp. (f, v)-
parabolically attracting) with respect to some parabolic shadow f and some normalized represen-
tative v ∈ Cm, then it is so with respect to any parabolic shadow (for the corresponding normalized
representative v˜). It might also happen, as we show in Section 5.1, that F is (f, v′)-attracting-
non-degenerate (resp. (f, v′)-parabolically attracting) with respect to the same parabolic shadow
f but to a different direction v′.
4. Dynamics of multi-resonant maps
Definition 4.1. Let F ∈ Diff(Cn; 0). We call a (local) basin of attraction (or attracting basin)
for F at 0 a nonempty (not necessarily connected) open set U ⊂ Cn with 0 ∈ U , contained in the
domain of definition of F , which is F -invariant and such that F ◦m(z) → 0 as m → ∞ whenever
z ∈ U .
Theorem 4.2. Let F ∈ Diff(Cn; 0) be m-resonant with respect to the eigenvalues {λ1, . . . λr} and
of weighted order k0. Assume that |λj| = 1 for j = 1, . . . , r and |λj| < 1 for j = r + 1, . . . , n. If
F is parabolically attracting, then there exist (at least) k0 disjoint basins of attraction having 0 at
the boundary.
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Proof. Let P 1, . . . , Pm be the ordered generators over N of the resonances of F . Up to biholomor-
phic conjugation, we can assume that F (z) = (F1(z), . . . , Fn(z)) is of the form
Fj(z) = λjzj
(
1 +
∑
k0≤|K|≤kl
K∈Nm
aK,j
λj
zKP
)
+O
(
‖z‖l+1
)
, j = 1, . . . , r,
Fj(z) = λjzj +O(‖z‖
2), j = r + 1, . . . , n,
where
kl := max{|K| : |KP| ≤ l},
with KP :=
∑m
h=1 khP
h, and l > 1 will be chosen at a later stage (see (4.3)).
We consider the map π : (Cn, 0)→ (Cm, 0) defined by π(z) = u := (zP
1
, . . . , zP
m
). Then we can
write
Fj(z) = Gj(u, z) +O
(
‖z‖l+1
)
, Gj(u, z) := λjzj
(
1 +
∑
k0≤|K|≤kl
K∈Nm
aK,j
λj
uK
)
, j = 1, . . . , r.
The composition ϕ := π ◦ F can be written as
ϕ(z) = Φ(u, z) := Φ(u) + g(z), Φ(u) = u+Hk0+1(u) + h(u),
where Φ: Cm × Cn → Cm, Φ is induced by G via π ◦ G = Φ ◦ π, the homogeneous polynomial
Hk0+1(u) has the form (3.5), and where h(u) = O(‖u‖
k0+2) and g(z) = O(‖z‖l+1).
Since F is attracting-non-degenerate by hypothesis, its parabolic shadow u 7→ u+Hk0+1(u) has
a fully attractive non-degenerate characteristic direction [v], such that v ∈ Cm is a normalized
representative, i.e., v satisfies (2.2) and the real parts of the eigenvalues of A = A(v) are all
positive. In particular, we can apply Theorem 2.7 to Φ(u). Then there exist k0 disjoint parabolic
domains M iR,C , i = 1, . . . , k0, for Φ at 0 in which every point is attracted to the origin along a
trajectory tangent to [v]. We shall use linear coordinates (x, y) ∈ C×Cm−1 where v has the form
v = (1, 0, . . . , 0) and where the matrix A is in Jordan normal form.
We will construct k0 basins of attraction B˜
i
R,C ⊂ C
n, i = 1, . . . , k0 for F in such a way that each
B˜iR,C is projected into M
i
R,C via π. The parabolic domains M
i
R,C ’s are given by (2.3), and we can
assume that the component Π1R is chosen centered at the direction 1. We first construct a basin
of attraction based on M1R,C . We consider the sector
SR(ǫ) := {x ∈ ∆R : |Arg(x)| < ǫ} ⊂ Π
1
R,
for some ǫ > 0 small to be chosen later, and we let
B1R,C(ǫ) = {(x, y) ∈ C× C
m−1 : x ∈ SR(ǫ), ‖y‖ < C|x|}.
Let β > 0 and let
B˜ := {z ∈ Cn : |zj| < |x|
β for j = 1, . . . , n, u = π(z) ∈ B1R,C(ǫ), u = (x, y) ∈ C× C
m−1},
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First of all, taking β > 0 sufficiently small, since x is a linear combination of zP
1
, . . . , zP
m
, it is
easy to see that B˜ is an open non-empty set of Cn and 0 ∈ ∂B˜.
Next, we prove that B˜ is F -invariant. Let z ∈ B˜ and let u = π(z). We consider the blow-up C˜m
of Cm at the origin, in the local chart centered at v, where the projection C˜m 7→ Cm is given by
(x, yˆ) 7→ (x, y) = (x, xyˆ). Since dΦ0 = id, the map Φ can be lifted to C˜m × Cn with values in C˜m.
In the coordinates uˆ = (x, yˆ), the lifting of the map Φ to C˜m × Cn takes then the form [14, 6]:
Φ̂1(x, yˆ, z) = x−
1
k0
xk0+1 + h1(x, xyˆ) + g1(z),
Φ̂′(x, yˆ, z) = (I − xk0A)yˆ +O(|x|k0+1) +O(|x|−1‖z‖l+1),
where we denote by Φ̂′(u, z) = (Φ̂2(u, z), . . . , Φ̂m(u, z)).
We now consider the change of coordinates (U, yˆ) = (x−k0, yˆ). In these new coordinates we have
Φ˜1(U, yˆ, z) = Φ1(U
−1/k0 , yˆ, z)−k0 ,
Φ˜′(U, yˆ, z) = Φ̂′(U−1/k0 , yˆ, z).
Note that x ∈ SR(ǫ) if and only if U ∈ HR(ǫ), where
HR(ǫ) := {w ∈ C : Rew > R, |Arg(w)| < k0ǫ}.
Now fix 0 < δ < 1/2 and 0 < c′ < c. Since Re
(∑
|K|=k0
aK,j
λj
vK
)
< 0 by the parabolically
attracting hypothesis, there exists ǫ > 0 such that
(4.1)
∣∣∣∣∣∣∣1 +
∑
|K|=k0
K∈Nm
aK,j
λj
uK
∣∣∣∣∣∣∣ ≤ 1− 2c|x|k0,
for all u ∈ B1R,C(ǫ). We choose β > 0 such that
(4.2) β(δ + 1)− c′k0 < 0
and we choose l > 1 so that
(4.3) βl > k0 + 1.
We have
Φ˜1(U, yˆ, z) = U
(
1
1− 1
k0U
+ U1/k0h1(U−1/k0 , y) + U1/k0g1(z)
)k0
.
Since in B˜ we have ‖z‖ ≤ n|x|β, and ‖u‖ ≤ |x|+‖y‖ ≤ (1+C)|x|, recalling that h1(u) = O(‖u‖k0+2)
and g1(z) = O(‖z‖l+1), we obtain that there exists K > 0 such that
|U |1/k0 |h1(U
−1/k0 , y)| ≤ K|U |1/k0 |U |−(k0+2)/k0 = K|U |−1−1/k0 ,
and
|U |1/k0 |g1(z)| ≤ K|U |
1/k0 |x|β(l+1) = K|U |(1−β(l+1))/k0 .
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Therefore, by (4.3), if R is sufficiently large, for any z ∈ B˜ (and hence for any U ∈ HR(ǫ)), we
have
(4.4) Φ˜1(U, yˆ, z) = U + 1 + ν(U, yˆ, z)
with |ν(U, yˆ, z)| < δ < 1/2. In particular, U1 := Φ˜1(U, yˆ, z) ∈ HR(ǫ). Therefore we proved that
(under a suitable choice of R)
(4.5) z ∈ B˜ ⇒ x1 := Φ1(u, z) ∈ SR(ǫ).
Next we check that yˆ1 := Φ̂
′(x, yˆ, z) satisfies ‖yˆ1‖ < C. With the same argument as in [14], we
obtain for suitable K > 0:
‖yˆ1‖ ≤ ‖yˆ‖(1− λ|x|
k0) +K|x|k0+1 +K|x|−1‖z‖l+1
≤ ‖yˆ‖(1− λ|x|k0) +K|x|k0+1 +K|x|β(l+1)−1
≤ C(1− λ|x|k0) +K|x|k0+1 +K|x|β(l+1)−1
≤ C
where λ > 0 is such that the real parts of the eigenvalues of A = A(v) are all greater than λ, and
so ‖yˆ1‖ ≤ C for R sufficiently large, in view of (4.3). Hence we proved that if z ∈ B˜, then
(4.6) π(F (z)) = Φ(u, z) ∈ B1R,C(ǫ).
Now, given z ∈ B˜, we have to estimate |Fj(z)| for j = 1, . . . , n. We first examine the components
Fj for j = r + 1, . . . , n. Set z
′ := (z1, . . . , zr) and z
′′ := (zr+1, . . . , zn). Then
F (z)′′ = Mz′′ + h(z)z,
where M is the (n − r) × (n − r) diagonal matrix with entries λj (j = r + 1, . . . , n) and h is a
holomorphic (n − r) × n matrix valued function in a neighborhood of 0 such that h(0) = 0. If
z ∈ B˜, then |zj | < |x|β for all j. Moreover, since |λj| < 1 for j = r+ 1, . . . , n, it follows that there
exists a < 1 such that |λjzj | < a|zj | < a|x|β for j = r+1, . . . , n. Also, let 0 < b < 1− a. Then, for
R sufficiently large, it follows that ‖h(z)‖ ≤ b/n if z ∈ B˜. Hence, letting p = a+ b < 1, we obtain
(4.7) |Fj(z)| ≤ |λjzj |+ ‖h(z)‖‖z‖ < a|x|
β +
b
n
n|x|β = (a + b)|x|β = p|x|β.
Now, we claim that for R sufficiently large, it follows that
(4.8) |x| ≤
1
p1/β
|x1|,
where x1 = Φ1(u, z). Indeed, (4.8) is equivalent to |U1| ≤ p−k0/β|U | and hence to
|U + 1 + ν(U, yˆ, z)|
|U |
≤ p−k0/β.
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But the limit for |U | → ∞ in the left-hand side is 1 and the right-hand side is > 1, thus (4.8)
holds for R sufficiently large. Hence, by (4.7) and (4.8) we obtain
(4.9) |Fj(z)| < |x1|
β, j = r + 1, . . . , n.
For the other coordinates, we have
Fj(z) = λjzj
(
1 +
∑
|K|=k0
K∈Nm
aK,j
λj
uK + fj(u)
)
+ gj(z), fj = O(‖u‖
k0+1), gj = O(‖z‖
l+1),
for j = 1, . . . , r. Thanks to (4.1) we have∣∣∣∣∣∣∣1 +
∑
|K|=k0
K∈Nm
aK,j
λj
uK + fj(u)
∣∣∣∣∣∣∣ ≤ 1− c|x|k0.
Moreover, if z ∈ B˜ and R is sufficiently large, we have, for a suitable D > 0,
|gj(z)| ≤ D‖z‖
l+1 < D|x|β(l+1).
Therefore for j = 1, . . . , r
(4.10)
|Fj(z)| ≤ |λj||x|
β
(
1−
c
|U |
)
+D|x|β(l+1),
≤ |x|β
(
1−
c
|U |
)
+
D
|U |βl/k0
|x|β
≤
(
1−
c
|U |
+
D
|U |βl/k0
)
|x|β.
Since we have chosen βl > k0 + 1 in (4.3), we get βl/k0 > 1. Hence, if R is sufficiently large, for
all U ∈ HR(ǫ)
p(U) := 1−
c
|U |
+
D
|U |βl/k0
< 1.
Now we claim that, setting x1 = Φ1(u, z), we get
|x| ≤ p(U)−1/β |x1|,
which is equivalent to
(4.11) |U1| ≤ p(U)
−k0/β|U |.
Since, by (4.4), we have
U1 = U + 1 + ν(U, yˆ, z),
with |ν(U, yˆ, z)| ≤ δ, we obtain
|U1|
|U |
=
|U + 1 + ν(U, yˆ, z)|
|U |
≤ 1 +
1
|U |
+
|ν(U, yˆ, z)|
|U |
≤ 1 +
1 + δ
|U |
.
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On the other hand, by our choice of 0 < c′ < c and taking R sufficiently large, we have(
1−
c′
|U |
)−k0/β
≤ p(U)−k0/β ,
and hence, in order to prove (4.11), we just need to check that
1 +
1 + δ
|U |
≤
(
1−
c′
|U |
)−k0/β
.
But (
1−
c′
|U |
)−k0/β
= 1 +
k0
β
c′
|U |
+O
(
1
|U |2
)
,
and since (4.2) ensures that δ + 1 − c′k0/β < 0, if R is sufficiently large, (4.11) holds, and the
claim is proved. Therefore, in view of (4.10) we have
(4.12) |Fj(z)| < |x1|
β, j = 1, . . . , r,
which together with (4.9) and (4.6) implies F (B˜) ⊆ B˜.
Then, setting inductively u(l) = (x(l), y(l)) := π(F ◦(l−1)(z)), and denoting by ρj : C
n → C the
projection ρj(z) = zj , we obtain ∣∣ρj ◦ F ◦l(z)∣∣ ≤ ∣∣x(l)∣∣β
for all z ∈ B˜. Moreover, as a consequence of (4.4), we have liml→+∞ x(l) = 0, implying that
F ◦l(z)→ 0 as l → +∞. This proves that B˜ is a basin of attraction of F at 0.
Finally, since the same argument can be repeated for each of the parabolic domains M iR,C of Φ,
and those are disjoint, we obtain at least k0 disjoint basins of attraction, and this concludes the
proof. 
4.1. Fatou coordinate for m-resonant parabolically attracting germs. In this subsection
we shall prove the existence of the so-called Fatou coordinate for m-resonant parabolically at-
tracting germs, ending the proof of Theorem 1.1. Given F ∈ Diff(Cn, 0) with B attracting basin of
parabolic type, a holomorphic function ψ : B → C so that F is semi-conjugated to a translation,
i.e.,
(4.13) ψ ◦ F (z) = ψ(z) + 1
for all z ∈ B, is usually called the Fatou coordinate of F relative to B. In dimension one, given
f ∈ Diff(C, 0) tangent to the identity, f q 6≡ id for any q ≥ 1, there exists the Fatou coordinate
of f relative to P , for any attracting petal P (see for example [2, Theorem 3.2]), and in higher
dimension Hakim in [15] (see also [6]) proved the existence of the Fatou coordinate for any tangent
to the identity germ with a fully attractive non-degenerate characteristic direction relative to the
associated attracting basin (see [22] for more recent results also in the degenerate case).
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Proposition 4.3. Let F ∈ Diff(Cn; 0) be m-resonant with respect to the first r ≤ n eigenvalues.
Assume that |λj| = 1 for j = 1, . . . , r, |λj| < 1 for j = r + 1, . . . , n, and suppose that F is
parabolically attracting. Then for each attracting basin B of F given by Theorem 4.2, there exists
a Fatou coordinate µ : B → C.
Proof. Let B be one of the attracting basin of F constructed as in Theorem 4.2, and use the same
notation as in the proof of Theorem 4.2. Denoting by Uℓ the U -coordinate of π(F
◦ℓ(z)) for ℓ ≥ 0,
it follows from the proof of Theorem 4.2 that there exists c ∈ C such that
(4.14) Uℓ+1 = Uℓ + 1 +
c
Uℓ
+O
(
|Uℓ|
−2, |Uℓ|
−(1+β)
)
.
Consider the sequence {µℓ}, with µℓ : B → C, defined as
µℓ(z) = Uℓ − ℓ− c log
1
Uℓ
.
We claim that {µℓ} is a Cauchy sequence with respect to the topology of uniform convergence,
and therefore it has a holomorphic limit function µ. Indeed, we have
µℓ+1(z)− µℓ(z) = Uℓ+1 − ℓ− 1− c logUℓ+1 − Uℓ + ℓ + c logUℓ
= Uℓ + 1 +
c
Uℓ
− 1− Uℓ − c log
(
Uℓ + 1 +
c
Uℓ
Uℓ
)
+O
(
|Uℓ|
−2, |Uℓ|
−(1+β)
)
=
c
Uℓ
− c log
(
1 +
1
Uℓ
+
c
U2ℓ
)
+O
(
|Uℓ|
−2, |Uℓ|
−(1+β)
)
.
Hence for all z ∈ B, we have
|µℓ+1(z)− µℓ(z)| = O
(
|Uℓ|
−2, |Uℓ|
−(1+β)
)
,
and therefore
µℓ − µ0 =
ℓ∑
j=0
(µj+1 − µj)
converges absolutely uniformly on B to a holomorphic limit µ − µ0. The limit function µ semi-
conjugates F to a translation. Indeed, we have
µ(F (z)) = lim
ℓ→∞
µℓ(F (z)) = lim
ℓ→∞
[
Uℓ+1 − ℓ− c log
1
Uℓ+1
]
= lim
ℓ→∞
µℓ+1(z) + 1 = µ(z) + 1,
and we are done. 
5. Final remarks
5.1. Example of germs parabolically attracting with respect to different directions.
Here we construct a family of 2-resonant germs in C3 which are (f, v1)-attracting-non-degenerate
and (f, v2)-attracting-non-degenerate (where f is a parabolic shadow and v1, v2 are normalized
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representatives of two different fully attractive non-degenerate characteristic directions) and which
are (f, v1)-parabolically attractive but not (f, v2)-parabolically attractive.
Let P 1 = (2, 3, 0) and P 2 = (0, 2, 5). Let λ1, λ2, λ3 ∈ C
∗ be of modulus 1 such that relations are
generated by λ21λ
3
2 = 1 and λ
2
2λ
5
3 = 1. It is easy to see that λj = λ
L for L ∈ N3, |L| ≥ 2, j = 1, 2, 3
if and only if L = k1P
1 + k2P
2 + ej for some k1, k2 ∈ N.
Let F be of the form
Fj(z) = λjzj(1 + be1,jz
P 1 + be2,jz
P 2) j = 1, 2, 3.
Then F is 2-resonant with respect to {λ1, λ2, λ3} and of weighted order k0 = 1. A parabolic
shadow of F is f(u) = u+H2(u) where
H2(u) =
(
u1 [(2be1,1 + 3be1,2)u1 + (2be2,1 + 3be2,2)u2]
u2 [(2be1,2 + 5be1,3)u1 + (2be2,2 + 5be2,3)u2]
)
.
The directions [1 : 0] and [0 : 1] are characteristic directions. Imposing
(5.1) 2be1,1 + 3be1,2 = −1, 2be2,2 + 5be2,3 = −1,
it follows that the two directions are non-degenerate characteristic directions for f . Furthermore
setting
(5.2) 2be2,1 + 3be2,2 = −p, 2be1,2 + 5be1,3 = −q
with q, p > 1 it is easy to see that (1, 0) and (0, 1) are normalized representative of fully attractive
non-degenerate characteristic directions for f—hence F is (f, (1, 0))-attracting-non-degenerate
and (f, (0, 1))-attracting-non-degenerate.
Finally, F is (f, (1, 0))-parabolically attractive if and only if
(5.3) Re be1,j < 0 j = 1, 2, 3
whereas F is (f, (0, 1))-parabolically attractive if and only if
(5.4) Re be2,j < 0 j = 1, 2, 3.
Given p, q > 1, for any bet,j, t = 1, 2, j = 1, 2, 3 such that (5.1), (5.2), (5.3) are satisfied and
Re be2,1 > 0 (such set of solutions is not empty, as it can be easily checked) the corresponding map
F is (f, (1, 0))-parabolically attracting and (f, (0, 1))-attracting-non-degenerate but not (f, (0, 1))-
parabolically attracting.
5.2. Basins of attraction for the inverse of an m-resonant germ.
Proposition 5.1. Let F ∈ Diff(Cn; 0) be m-resonant with respect to {λ1, . . . , λr} and of
weighted order k0. Then F
−1 is m-resonant with respect to {λ−11 , . . . , λ
−1
r } and of weighted
order k0. Moreover, if F is attracting-non-degenerate (resp. parabolically attracting) with respect
to {λ1, . . . , λr} then F−1 is attracting-non-degenerate (resp. parabolically attracting) with respect
to {λ−11 , . . . , λ
−1
r }.
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Proof. The eigenvalues of the linear part of the germ F−1 are {λ−11 , . . . , λ
−1
n }. By Remark 3.7 we
can choose local holomorphic coordinates such that
Fj(z) = λjzj +
∑
k0≤|K|≤kl
K∈Nm
aK,jz
KPzj +O
(
‖z‖l+1
)
, j = 1, . . . , r.
Therefore
F−1j (z) = λ
−1
j zj −
∑
|K|=k0
aK,j
λ2j
zKPzj + · · · , j = 1, . . . , r.
Hence F−1 is m-resonant with respect to {λ−11 , . . . , λ
−1
r } and of weighted order k0.
Moreover, assume that F is (f, v)-attracting-non-degenerate with respect to some parabolic
shadow f(u) = u + Hk0+1(u) of F and a normalized representative v of a fully attractive non-
degenerate characteristic direction for f . The corresponding parabolic shadow of F−1 is f˜ : u 7→
u−Hk0+1(u). Therefore, for any ζ ∈ C so that ζ
k0 = −1, we have
−Hk0+1(ζv) = −
1
k0
(ζv).
Since the map induced by −Hk0+1 in CP
m−1 is the same as the one induced by Hk0+1, the matrix
A(ζv) has all eigenvalues with positive real parts also in this case. Hence F−1 is (f˜ , ζv)-attracting-
non-degenerate.
Moreover, if F is (f, v)-parabolically attracting then
Re
( ∑
|K|=k0
K∈Nm
−aK,j/λ2j
λ−1j
(ζv)K
)
= Re
( ∑
|K|=k0
K∈Nm
−aK,j
λj
ζk0vK
)
= Re
( ∑
|K|=k0
K∈Nm
aK,j
λj
vK
)
< 0.
Hence F−1 is (f˜ , ζv)-parabolically attracting. 
If F ∈ Diff(Cn; 0), as customary a basin of attraction for F−1 is called a repelling basin for F .
From Proposition 5.1 and Theorem 4.2 we thus have the following corollary:
Corollary 5.2. Let F ∈ Diff(Cn; 0) be m-resonant with respect to all eigenvalues {λ1, . . . , λn}
and of weighted order k0. Assume that |λj| = 1 for all j = 1, . . . , n. If F is parabolically attracting
then there exist (at least) k0 repelling basins for F having 0 on the boundary.
5.3. Leau-Fatou flower theorem for one-resonant Poincare´-Dulac normal form. Let G ∈
Diff(Cn; 0) be one-resonant with respect to all eigenvalues {λ1, . . . , λn}, with |λj| = 1, j = 1, . . . , n,
and assume it is in Poincare´-Dulac normal form (3.3). Assume G is non-degenerate, parabolically
attracting (cfr. Remark 2.6), with order k0 ≥ 1 and generator α ∈ Nn. Let π : Cn → C be the
projection given by (z1, . . . , zn) 7→ zα. Let u = zα = π(z). Set
(5.5) Φ(u) := G1(z)
α1 · · ·Gn(z)
αn = u+ Λ(G)uk0+1 +O(|u|k0+2).
Note that Φ : (C, 0) → (C, 0) is tangent to the identity and π ◦ G = Φ ◦ π. Let v+1 , . . . , v
+
k0
be
the attracting directions for Φ, and let P+j ⊂ C, j = 1, . . . , k0, be the attracting petal centered at
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v+j . Arguing as in the proof of [9, Proposition 4.2], since Φ has no terms depending on z, it is not
difficult to show that the sets
U+j := π
−1(P+j ) ⊂ C
n,
are basins of attraction for G.
On the other hand, by (the proof of) Proposition 5.1, if v−1 , . . . , v
−
k0
are the repelling directions
for Φ, and P−j ⊂ C, j = 1, . . . , k0, is the repelling petal centered at v
−
j , the sets
U−j := π
−1(P−j ) ⊂ C
n
are repelling basins of G. By the very construction, the union of the U+j ’s and the U
−
j ’s and
n⋃
j=1
αj 6=0
{zj = 0} covers a full neighborhood of the origin.
Since on {zj = 0} for αj 6= 0 the map G is linear, this provides a complete dynamical picture
of G in a full neighborhood of 0. Hence we have the following generalization of the Leau-Fatou
flower theorem:
Theorem 5.3. Let F ∈ Diff(Cn; 0) be one-resonant with respect to all eigenvalues {λ1, . . . , λn}
with generator α ∈ Nn. Assume that F is holomorphically conjugated to one of its Poincare´-Dulac
normal forms. Suppose that |λj| = 1, j = 1, . . . , n and F is parabolically attracting. Then for each
j ∈ {1, . . . , n} such that αj 6= 0 there exists a germ Mj of a complex manifold tangent to {zj = 0}
at 0 such that F (Mj) ⊂ Mj and F |Mj is holomorphically linearizable. Moreover, there exists an
open neighborhood W of 0 such that W \
⋃
j Mj is the union of attracting and repelling basins
of F .
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